Abstract. We prove that there are no Kähler structures on exotic tori. This yields a negative solution to a problem posed by Benson and Gordon.
Introduction
It is known that there exist smooth manifolds which are homeomorphic but not diffeomorphic to a torus T m with a standard smooth structure [W] . In the sequel we will call such manifolds exotic tori. In [BG] Benson and Gordon asked the following question: do there exist Kähler structures on exotic tori? This question seems to be even more interesting when put into the context of symplectic topology. Indeed, one could generalize it asking if there exist symplectic structures on exotic tori? A possible negative answer would be an evidence for the existence of some smooth invariants related to symplectic structures in dimension greater than four. In the four-dimensional case examples of almost complex cohomologically symplectic but non-symplectic manifolds are given by the Seiberg-Witten theory [T] . For example, it has become a classical result now that manifolds kCP 2 #lCP 2 , k > 1 carry no symplectic structures compatible with the orientation given by the complex structure, although some of them are almost complex and they have the cohomology type of a closed symplectic manifolds. This follows, since their Seiberg-Witten invariant (which is a smooth invariant) vanishes, which contradicts the symplecticness by the Taubes theorem. There are several other results in this direction obtained by methods of the Seiberg-Witten theory (see, for example, [WG] ). On the other hand, there are no known results of this type in higher dimensions. In [HT] we obtained a partial negative answer to the question of Benson and Gordon in the symplectic context. In greater detail, we have shown that some exotic tori can be obtained as fiber bundles, whose base and fiber are standard tori, but the bundle structure groups cannot be reduced to the group of symplectomorphisms. It follows that such exotic tori cannot carry symplectic structures compatible with the fiber bundle structure.
The purpose of the present note is to show that, surprisingly enough, an answer to the original Benson-Gordon problem is easy to obtain by classical methods of Kähler geometry. The answer appeared to be negative. It is a further evidence for the conjecture that there are no symplectic structures on exotic tori. The proof of this result uses some properties of the Albanese map, which we recall now. Let X be a compact Kähler manifold. By definition (see [BPV] ), the Albanese variety of X is the complex torus
where j is the homomorphism
Here Ω 1 X denotes the sheaf of germs of holomorphic 1-forms on X. It is known (see [ABCKT] , [BPV] 
, and thus Alb(X) is a complex torus. Fixing a basepoint x 0 ∈ X, one defines the Albanese map by
The following properties of the Albanese map are known ( [ABCKT] , [BPV] ):
• α X is a holomorphic map from X to the complex torus
For any topological space X of finite type define a(X) to be the maximal integer for which the image of
The following result can be found in [ABCKT, C] .
Theorem 2.2. Let X be a compact Kähler manifold. Then a(X) is the real dimension of its Albanese image:
Having the above facts in mind we are ready to prove Theorem 2.1.
Proof of Theorem 2.1. Let X denote a smooth manifold homeomorphic to T 2n , the torus of dimension 2n. Clearly, a(X) = 2n, since
Assume that X carries a Kähler structure. Then we have the Albanese map α X : X → T 2n . Consider a regular point p in the image of α X (X). Since holomorphic map preserves orientations, its degree is equal to the cardinality of α −1 X (p). As dim α X (X) = 2n = dim Alb(X), it implies that deg α X > 0 and α X is onto. Moreover, α X induces a surjection of free abelian groups of rank 2n,
hence an isomorphism. This gives also that α X induces an isomorphism
Thus α X is a map of degree one. Since the set of regular points of a holomorphic onto map is dense, we have that α X is bijective on a dense subset, thus everywhere. It is a standard fact that a holomorphic homeomorphism is biholomorphic (cf. [FG] , Th. 8.5), thus α is a diffeomorphism.
Examples of exotic tori and further questions
The simplest examples of exotic tori are obtained as connected sums of the standard tori with homotopy spheres. Namely, consider a homotopy sphere Σ of dimension k and the manifold
, which means that we glue two copies of the disk using a diffeomorphism of the boundary sphere supported in upper half-sphere. Then T k #Σ is obtained by cutting T k along an embedded (k −1)-disk and gluing it again along the disk using f. Up to an orientation choice (which replaces Σ by −Σ), this does not depend on the choice of the disk, thus we can choose it in a subtorus T k−1 ⊂ T k . This is equivalent to cutting T k along the subtorus and gluing again with a diffeomorphismf ∈ Diff(T k−1 ) extending f by the identity. Thus what we get is a fibration over the circle with fiber T k−1 and gluing diffeomorphismf , (cf. [H] ). For T = T k #Σ × T 2n−k we get a fibration over T 2n−k+1 and fiber T k−1 . If k is odd, there exist symplectic structures on base and fiber, so we can ask if there exist such symplectic structures which induce a symplectic structure on T . Since the fibration is homotopically (and even topologically) trivial, a theorem of Thurston says that it is the case iff is isotopic to a symplectomorphism (with respect to some symplectic structure on the fiber). The main purpose of [HT] was to show that, in general, there is an obstruction to such isotopy. Thus, a related problem is whether a diffeomorphism of an even dimensional torus, supported in a disk and non-isotopic to the identity, can be isotopic to a symplectomorphism. Note that a similar question was posed by McDuff and Salamon [MS] : Is any symplectomorphism of a torus which induces identity in homology isotopic to the identity?
It follows from [W] , "Fake tori" chapter, that the examples above give in fact nonstandard differential structures on tori if the homotopy sphere is nonstandard. However, sometimes one has a simple way to show this fact. Look at the example k = 2n − 1 = 8s + 1. We have Let f : M m → {pt} denote the obvious collapsing map. For a spin structure on M m we have the Gysin map f ! :
given by the formulaâ (M) = f ! (1). Theâ-genus has the following properties (see [LM] ):
(1) for any closed spin manifolds X and Ŷ
â is a spin cobordism invariant, (3) for any m > 2 and any spin structure on the standard torus T m we haveâ(T m ) = 0. Note that (3) follows from (1) and (2) since any spin structure on T m is given as a product of spin structures on circles. One of the two possible structures on S 1 has nonzeroâ-genus, but the third power of the nonzero element of KO −1 (pt) vanishes. By properties (1) and (2), if we choose the trivial spin structure on T 8s+1 and nontrivial one on S 1 , one hasâ(T ) = 0, while it is always zero for the standard torus. This argument works also for k = 8k+1 or 8k+2 and 2n − k > 1. One may consider the map A :
, where p is a regular value of φ. In our examples there exists a spin structure such that A is nontrivial, but it is trivial for the standard torus and k > 2.
In general, exotic differential structures on tori are obtained by iterating the operation described above, but then we have to apply the cutting and pasting along possibly exotic subtori.
Finally, all homotopy tori are parallelizable (see [W] or [HT] ). Thus any such manifold admits an almost complex structure and it is cohomologically symplectic. Therefore, an example of an exotic torus with no symplectic structure would be an example of a non-symplectic manifold satisfying the two "obvious" conditions necessary for symplecticness.
Another related question is the following. Consider the space of symplectomorphisms of R 2n with compact support. It was proven by Gromov [G] The latter question (at least for π 0 ) can be attacked along the following lines. Let f be such a symplectomorphism and ω be the standard symplectic structure. Then f * ω = ω, and for an almost complex structure J compatible with ω we have f * J also compatible with ω. Thus there exists a path J t of almost complex structures compatible with ω connecting J with f * ω. Because of the compact support assumption we can consider all this in T 2n or in T 2n−2 × S 2 . Then the path of the evaluation maps for the space of J t -holomorphic curves should give an isotopy between f and the identity. We plan to address this problem in a forthcoming paper.
